Topological manipulation of waves is at the heart of the cutting-edge metamaterial research. Quadrupole topological insulators were recently discovered in flux-threading lattices as higher-order topological insulators which give access to topological wave trapping at both the edges and corners. Photonic crystals, lying at the boundary between continuous media and discrete lattices, however, are incompatible with the present quadrupole topological theory. Here, we unveil quadrupole topological photonic crystals triggered by a twisting degree-of-freedom. Using a topologically trivial photonic crystal as the motherboard, we show that twisting induces quadrupole topology without fluxthreading. The twisting-induced crystalline symmetry enriches the edge polarization structure, leading to anomalous quadrupole topology. Versatile edge and corner phenomena are observed by tuning the twisting angle which controls simultaneously the photonic band gap and the Wannier gap. Our study paves the way toward topological twist-photonics and shed light on quadrupole topology in the quasi-continuum regime for phonons, electrons, and polaritons.
Introduction
The discovery of higher-order topology opens a new horizon in the study of topological physics where crystalline symmetry plays a crucial role. Higher-order topological insulators are intriguing symmetry-protected topological phases where topology and symmetry manifest themselves in multiple dimensions, unveiling a paradigm beyond the conventional bulk-edge correspondence [27, 28] . For instance, two-dimensional (2D) quadrupole topological insulators (QTIs) [1, 4] host one-dimensional (1D) gapped edge states and topologically-protected zero-dimensional (0D) corner states emerging in the common spectral gap of the bulk and edge. The concept of QTI generalizes the conventional Bloch band topology to the Wannier band topology [1, 4] which is described by the so-called "nested Wannier bands". A -flux lattice model for QTIs is proposed in Ref. [1] which was later realized in experimental systems based on mechanical metamaterials [10] , electric circuits [11, 12] , and coupled optical ring resonators [19] . However, the -flux lattice picture is incompatible with conventional photonic crystals which lie at the boundary between continuous media and discrete-lattice systems. A straightforward generalization of the -flux lattice to photonic crystals would fail since there is no mechanism for flux-threading. On the other hand, quadrupole topological photonic crystals, where light-matter interaction can be much enhanced by topological light-trapping on the edges and corners at subwavelength scales, are on demand for topological photonics in the nonlinear and quantum regimes.
Recently, twisting has been discovered as an invaluable approach toward exotic states of matter with nontrivial topology, strong correlation, or superconductivity in 2D van der Waals materials. However, the power of twisting has not been fully unleashed in photonics where twisting is, in fact, experimentally more accessible than in electronic systems. Here, we propose theoretically and observe experimentally an anomalous QTI (AQTI) phase of photons using the twisting degree-of-freedom. Exploiting a common square-lattice photonic crystal (PhC) as the motherboard, we show that a particular twisting deformation can induce the AQTI phase when the mirror symmetries are removed while the glide symmetries emerge. In AQTIs, the flux-threading mechanism is not needed, and the system is not based on tightbinding models but rather on the emergence of the quadrupole topology due to the glide symmetries in the quasi-continuum regime. In this regime, the photonic band gap is formed due to the multiple Bragg scattering mechanism instead of tight-binding couplings between local resonances. Moreover, the twisting approach leads to photonic crystals with "anomalous quadrupole topology" which differs fundamentally from the conventional quadrupole topology as follows: First, the twisting induced nonsymmorphic symmetry doubles the band representation, hence at least four bands are needed below the quadrupole topological band gap. Second, in the Wannier representation, four nondegenerate Wannier bands are required as the minimal description of the anomalous quadrupole topology. Third, such enlarged Wannier representation enriches the edge polarization structure which now consists of a topological (quantized) sector and a trivial (non-quantized) sector.
In experiments, we use 2D subwavelength photonic crystals made of Al2O3 cylinders to realize the photonic AQTIs via twisting the unit-cell structure. Using the electromagnetic near-field scanning methods, we directly measure and visualize the photonic wavefunctions of the bulk, edge and corner states. Versatile manipulation of the edge and corner states are revealed in both simulation and experiments by tuning the twisting angle. Exploiting such controllability, we demonstrate that when the frequencies of the edge and corner states are tuned close, their mutual couplings enable excitation of corner states via the edge states.
These findings reveal rich phenomena of photonic edge and corner states using twist-induced topology and may inspire future developments of higher-order topological photonics beyond the conventional bulk-edge correspondence [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] .
Results

System and symmetry
The 2D square-lattice PhC has four identical cylinders made of Al2O3 (radius 0.25 cm) in each unit-cell. The lattice constant is = 2 cm. The dielectric PhC is placed in a 2D cavity formed by metallic cladding above and below, where the transvers-magnetic harmonic modes (i.e., the modes with electric fields along the direction) dominate the photonic bands at low frequencies. We start with a configuration where the four cylinders are located at the positions of (± 4 , ± 4 ) and the unit-cell has 4 point-group symmetry. By twisting the four cylinders along the dashed lines as illustrated in Fig. 1a , the crystalline symmetry is reduced to the nonsymmorphic group 4 which contains the two glide symmetries, : = ( , ) → ( 2 − , 2 + ) and : = ( , ) → ( 2 + , 2 − ), the four-fold rotation symmetry, 4 , and the inversion symmetry ℐ ≔ ( , ) → (− , − ). Note that the two glide symmetries do not commute with each other, ≠ , since ≔ ( , ) → (− , − ) and ≔ ( , ) → ( − , − ). Here, the twist is not a pure rotation, but is designed to preserve the glide symmetries. 
Photonic bands
We now point out the consequences of the glide symmetries on the photonic bands. ) for the partial photonic band gap between the second and the third bands, whereas the Wannier dipole is quantized to ⃗ = (0,0) for the complete photonic band gap between the fourth and the fifth bands. The vanishing dipole polarization of the complete photonic band gap provides a necessary condition for the emergence of the quadrupole topology.
The photonic band structure for the PhC with = 22° is shown in Fig. 1a which exhibits a large photonic band gap (30%) between the fourth and fifth bands, ranging from 9.46 GHz to 13.2 GHz, corresponding to a subwavelength regime (i.e., the structure features and the lattice constant are smaller than the wavelengths in vacuum). Throughout this paper, the permittivity of the dielectric cylinders is taken as = 6.2 for the 2D simulation to best represent the experimental measurements in the quasi-2D systems (See Supplementary Note 2 for detailed comparison between the 2D approximation and the 3D simulation).
Quadrupole topology
We illustrate below that such a photonic band gap carries the anomalous quadrupole topology. The underlying physics of the AQTI phase does not rely on any tight-binding model, but can be directly characterized through the "nested Wannier bands" approach [1, 4] using the photonic wavefunctions from the first-principle calculations (see Fig. 1 ). The nontrivial quadrupole topology in the 4 PhC is revealed as the symmetry-enforced quantization of the quadrupole moment in the Wannier representation due to the glide symmetries (See Supplementary Note 3 for the proof).
According to Refs. [1] and [4] , nontrivial quadrupole topology requests the following key elements: First, the gapped Wannier bands and the vanishing total polarization, meaning that the Wannier centers are away from 0 or . Second, the finite, quantized quadrupole moment as manifested in the nontrivial, quantized Wannier sector polarizations. The former is a necessary condition for the latter. In previous theories [1, 4] , the first condition is realized via the flux-threading mechanism which leads to the non-commutative mirror symmetries. Without the fluxthreading, the commutative mirror symmetries guarantee gapless Wannier bands and hence forbid the quadrupole topology. In our flux-free systems, the motherboard PhC has commutative mirror symmetries and hence gapless Wannier bands. When the mirror symmetries are removed by twisting, the non-commutative glide symmetries give rise to the quadrupole topology.
The Wannier bands are calculated from the photonic Bloch wavefunctions using the Wilson-loop method. The Wilson-loop operator along, e.g., the direction is defined as [1, 4, 49 ]
where the subscript and specify, respectively, the direction and the starting point of the loop. Unlike the conventional QTIs with two Wannier bands, the four Wannier bands in AQTIs enable rich polarization structures for the edges. Let's consider the lower edge which is associated with the Wannier bands 1 and 2 (i.e., the group I). The sum of the polarizations of these two Wannier bands, ,I = ,1 + ,2 , give the total edge polarization. Interestingly, none of these polarizations, ,1 , ,2 , nor the total edge polarization ,I is quantized. However, the glide symmetries lead to quantization of the edge polarization in the "difference sector", ,I topo = ,1 − ,2 = 1 2 [see Fig. 1c ], because of the following symmetry constraint [see
Supplementary Note 3 for the proof]
,I topo ⇔ − ,I topo mod 1.
Since the and directions are equivalent for the 4 crystal, one has Fig. 1c ; see the detailed analysis in Supplementary Note 5]. This is because for each corner the inward trivial edge polarization is equal to the outward trivial edge polarization due to their 4 symmetric configuration. The non-quantized total edge polarization is consistent with the fact that there is no mirror symmetry to quantize the edge polarization. The emergence of the quadrupole topology in the combinations "1-2" and "4-3" is also consistent with the fact that only the combinations "1-2" and "4-3" yield gapped Wannier bands [see Fig. 1b ] which is necessary for the quadrupole topology.
We find that for the case with a negative twisting angle, which is connected to the case with the opposite twisting angle through a mirror transformation with respect to the x or y axis, . We denote the topological phase with negative as AQTI , whereas the topological phase with positive as AQTI [see Fig. 1d ].
The evolution of the Wannier bands with the twisting angle is shown in Fig. 1d . The Wannier bands in the combinations "1-2" and "4-3" become gapless in the limits: → 45° and → 0 where the mirror symmetries are recovered. These properties agree with the observation in Ref. [4] that mirror symmetries without flux-threading lead to gapless Wannier bands and forbid quadrupole topology. In addition, the photonic band gap closes in the limit of → 45°.
The twisting angle thus controls effectively both the Wannier band gap and the photonic band gap. Within the 4 space group, we did not find any PhC with gapped Wannier bands but vanishing quadrupole topology. Nevertheless, we can exploit the two PhCs with opposite twisting angles to construct a supercell with the edge and corner states. The scenario is illustrated in Figs. 2b and 2c . If a perfect-electric-conductor (PEC) boundary is used to enclose the AQTI and AQTI as illustrated in Fig. 2b , then the topological edge (corner) states emerge at the boundaries (corners) for both types of PhCs [See Supplementary Note 6 for the spectra and wavefunctions of the edge and corner states]. Note that in Fig. 2b the outer boundaries of the AQTI have the same edge polarization configurations as the inner boundaries of the AQTI (the arrows label the topological edge polarizations). This is because the two PhCs have opposite bulk-induced edge polarizations for the outer boundaries, and the outer boundaries have opposite edge polarization configurations as for the inner boundaries. However, the use of PEC is incompatible with our experimental system based on the transvers-magnetic harmonic modes and thus the PEC boundaries must be avoided. and hence do not cancel with each other. The removal of the PEC boundaries enables the coupling between the edge states from the outer boundaries of the AQTI and those from the inner boundaries of the AQTI (see Fig. 2c ). With such couplings, the hybridized edge states form the symmetric and anti-symmetric (i.e., evenparity and odd-parity) edge modes (see Supplementary Note 7 for their wavefunctions), because the edge boundaries are mirror symmetric. The evolution of the bulk, edge and corner spectra with the twisting angle for the set-up in Fig. 2c is presented in Fig. 2d . The corresponding experimental system is illustrated in Figs. 2e and 2f .
The coupling between the edge states is reflected by the splitting between the symmetric and anti-symmetric modes, which can be controlled by the twisting angle effectively, as shown in Fig. 2d . When approaches 0, because of the closing of the Wannier band gap, and also because the two PhCs with opposite twisting angles are tuning into the same geometry, the edge states merge into the bulk. Figure 3a shows that the wavefunctions of the odd-parity edge states become weakly confined on the edges and gradually become delocalized, as the twisting angle approaches 0. Similar tuning of the even-parity edge states is observed (see Supplementary   Figure 10 ). In the other limit, with the twisting angle approaching 45°, the close of the bulk band gap also leads to delocalization and annihilation of the edge states. However, in this process, the edge band gap closes before the bulk band gap closes [see Fig. 2d ]. Later, these edge states merge into the bulk states (see Fig. 3a and the Supplementary Note 8). Supplementary Figure 10 . The edge states merge into the bulk in both small and large limit. b, Evolution of the lower-frequency corner states with the twisting angle . The variation of the higherfrequency corner states is presented in the Supplementary Figure 10 . Note that the corner states merge into the edge in both the small and large limit. For the small limit, the corner state evolves into the odd edge state, whereas in the large limit, it evolves into the even edge state.
The corner states also experience strong modulation when the twisting angle is tuned. Fig.   3b shows the controllability of the lower-frequency corner states by the twisting angle. With → 0, the corner states first merge into the edge states and then into the bulk states. When approaches 45°, the corner states merge into the edge states as well due to the edge band gap closes. Interestingly, when → 0, the lower-frequency corner states merge into the odd-parity edge states, whereas when → 45° the lower-frequency corner states merge into the even-parity edge states. For the higher-frequency corner states, we find that it can be transferred into the bulk states by reducing the twisting angle. In the other direction, by increasing the twisting angle, the higher-frequency corner states can merge into the even-parity edge states. These findings indicate that twisting can be used as an efficient tool to transfer photonic states from 0D corner states to 1D edge states or 2D bulk states, in reconfigurable PhCs.
Experiments
The experimental set-up used to verify the physics elaborated above is shown in Fig. 2e where the box-like PhC structure realizes the schematic illustration in Fig. 2c . The whole structure contains 20×20 unit-cells (including 10×10 unit-cells for AQTI in the center and other 300 unit-cells for the AQTI at the outside). Electromagnetic waves are excited in the AQTI region and absorbed by the absorber outside the structure. The detection for the bulk, edge and corner modes are realized by three probes located in the bulk region of AQTI , on the edge and at the corner, separately. They are termed as the bulk-probe, edge-probe and cornerprobe, respectively. We then study the scattering coefficient (S21) spectrum of the bulk-probe, edge-probe and corner-probe, which give effectively the local density of states in the bulk, edge and corner regions. The pump-probe spectroscopies for various twisting angles are presented in Supplementary Note 10. We extract from the S21 spectra the frequency range for the bulk, edge and corner modes. The results are shown in Fig. 5a for six different twisting angles from 0° to because of the overlap of the Al2O3 cylinders at the unit-cell boundaries. To confirm the fully localized nature of the corner states, we measure the electric field profile of the corner state around one of the corners. Fig. 5b presents the electric field profiles measured along three lines (the red, blue and green lines as indicated in the inset) for = 22° at the corner mode frequency of 10.27 GHz. The results show that the photonic wavefunction is well-localized at the corner and decays rapidly in all three directions, which confirm the observation of corner states as photonic bound states.
The evolution of the lower-frequency corner state with the twisting angle is studied in details in Figs. 5c-5f with varying from 22° to 6°. These figures show clearly that the corner state gradually evolves from strongly localized to weakly localized. The corner state eventually merges into the bulk band and becomes a bulk state in the limit of → 0.
In the existing studies on higher-order topological insulators, the corner states are spectrally well-separated from the edge and bulk states [1, 4, 9, 11-13, 19, 20, 25] . Such isolation makes it hard to utilize them for functional devices. Here, we show that, thanks to the tunable nature of the corner states in our PhCs, the frequency of the corner states can be tuned to be close to the edge states and thus enable their mutual coupling in finite-sized systems. In experiments, we choose the set-up with the twisting angle = ±22° where the corner and edge states have frequencies, 10.27 GHz and 10.18 GHz, respectively. The coupling between the edge and corner states is revealed using the pump-probe measurement schematically illustrated in the inset of Fig.   5g . The source is placed on the edge at the left side of the corner, while the detector is placed near the corner. The pump-probe spectroscopy in Fig. 5g shows that there are two corner modes within the bulk band gap (indicated by the two red arrows): one at 10.27 GHz, the other at 12.26
GHz. The corner mode at 10.27 GHz is very close to the edge band (indicated by the blue arrow).
The hybridization between the edge and corner modes is manifested directly in the measured electric field profiles in Fig. 5h 
Conclusion and outlook
In this work, we unveil twisting as a new degree-of-freedom toward higher-order 
Materials and Methods
Sample fabrication
In this work, all the samples were constructed by carefully pasting dielectric cylinders into a pre-printed drawing on which the location of each cylinder is marked. As the element of the sample, the dielectric cylinder is made of Al2O3 with permittivity 9.8 and has the height of 8.0 mm and the radius of 2.5 mm, all of which were fabricated by Smile Precision Ceramics Co. Ltd.
(Shanghai).
Experimental setup
Two parallel metal plates cladding the sample constitute a quasi-2D space, with a 1.5mm air gap between the upper metal plate and the sample, for the convenience of shifting the sample and scanning fields. In addition, the absorbing sponges surround the sample in order to simulate the open boundary condition. A monopole antenna, about 7 mm in height, is inserted through the lower plate as an excitation source. Another antenna as a detecting probe consisting of a coaxial cable with the exterior metal layer stripped away, is inserted through the upper plate, to measure the surface field of samples. We use a microwave vector network analyzer (PNA-N5203C) to record the magnitude and phase of the electromagnetic signal. In the scanning measurement, the lower plate is mounted on a translational stage with the scan step being 2.5mm. More details are provided in Supplementary Note 11.
Simulation
Numerical simulations are performed using a commercial finite-element simulation software (COMSOL MULTIPHYSICS) via the rf module. Most simulations are done for 2D transverse magnetic harmonic modes, while some simulations (in the Supplementary Note 2) is performed for the genuine 3D set-up.
